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ComputationalComputational GeometryGeometry AlgorithmsAlgorithms LibraryLibrary

OutlineOutline
•• OverviewOverview

–– StrengthsStrengths
–– DesignDesign

•• StructureStructure
–– KernelKernel
–– ConvexConvex Hull Hull AlgorithmsAlgorithms
–– PolygonsPolygons and and PolyhedraPolyhedra
–– PolygonPolygon and and PolyhedronPolyhedron OperationsOperations
–– ArrangementsArrangements
–– Triangulations and Delaunay TriangulationsTriangulations and Delaunay Triangulations
–– VoronoiVoronoi DiagramsDiagrams
–– MeshingMeshing
–– SearchSearch StructuresStructures
–– GeometricGeometric OptimizationOptimization
–– InterpolationInterpolation
–– KineticKinetic Data StructuresData Structures

OverviewOverview

CGAL:CGAL:
•• C++ C++ librarylibrary
•• basic geometric primitives and basic geometric primitives and 

operationsoperations
•• collection:collection:

–– standard data structuresstandard data structures
–– geometric algorithmsgeometric algorithms

http://www.cgal.orghttp://www.cgal.org

GeometryFactoryGeometryFactory: : 
http://www.geometryfactory.com/ http://www.geometryfactory.com/ 

LicensesLicenses::
•• IndustrialIndustrial DevelopmentDevelopment
•• IndustrialIndustrial ResearchResearch
•• AcademicAcademic DevelopmentDevelopment
•• Open sourceOpen source

The CGAL ProjectThe CGAL Project

•• Started in 1996 as joined project of:Started in 1996 as joined project of:
–– ETH ZurichETH Zurich
–– INRIAINRIA
–– MPI MPI ffüürr InformatikInformatik
–– TelTel--Aviv UAviv U
–– Utrecht UUtrecht U
–– Trier UTrier U
–– FU BerlinFU Berlin

CurrentCurrent PartnersPartners

FU Berlin
Geometry
Factory
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DevelopmentDevelopment ProcessProcess

•• Editorial boardEditorial board
–– receives/reviews/approves submissionsreceives/reviews/approves submissions

•• Developer manualDeveloper manual
•• Developer meetingsDeveloper meetings
•• Version management systemVersion management system
•• Daily internal releaseDaily internal release
•• Daily Daily testsuitetestsuite runs all supported platformsruns all supported platforms
•• Bug tracking systemBug tracking system

CGAL in FiguresCGAL in Figures
•• 1,200 C++ classes1,200 C++ classes
•• 400K lines of code400K lines of code
•• 2,200 pages manual2,200 pages manual
•• 40 developer years40 developer years

•• Supported platforms:Supported platforms:
–– Linux, Linux, IrixIrix, Solaris, Windows, Solaris, Windows
–– g++, SGI CC, g++, SGI CC, SunProSunPro CC, VC++, IntelCC, VC++, Intel

•• Release cycle: 12 monthsRelease cycle: 12 months
•• 10,000 downloads per year10,000 downloads per year
•• 800 registered users800 registered users
•• 50 active developers50 active developers

StrengthsStrengths

••RobustnessRobustness
••EfficiencyEfficiency
••FlexibilityFlexibility
••EaseEase of useof use

StrengthsStrengths

••RobustnessRobustness

NaNaïïve implementations can:ve implementations can:
•• looploop
•• crashcrash
•• produceproduce incorrect outputincorrect output

DesignDesign

ParadigmsParadigms::
–– GenericGeneric programmingprogramming

•• TemplatedTemplated C++, STLC++, STL

DesignDesign

ParadigmsParadigms::
–– GenericGeneric programmingprogramming

•• TemplatedTemplated C++, STLC++, STL

–– Exact Exact computingcomputing
• Make sure that the control flow in the 

implementation corresponds to the control 
flow with exact real arithmetic.

ff

<0<0 >0>0
=0=0

BranchingBranching
((predicatepredicate))
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Structure of Structure of GeometricGeometric AlgorithmsAlgorithms

inputinput

predicatespredicates constructionsconstructions

combinatorialcombinatorial
structurestructure

geometricgeometric
embeddingembedding

numerical tests
decide branching

ExamplesExamples

Delaunay triangulation
only predicates required

Voronoi diagram
constructions necessary

StrengthsStrengths

••RobustnessRobustness
••EfficiencyEfficiency
••FlexibilityFlexibility
••EaseEase of useof use

??
RobustRobust GeometricGeometric ComputingComputing

•• ComputingComputing withwith::
–– FloatingFloating point point numbersnumbers: : fastfast
–– Exact Exact numbersnumbers: : robustrobust

•• Key Key remarkremark::
–– exact exact geometricgeometric computingcomputing
≠≠ exact exact arithmeticarithmetic

–– filteredfiltered predicates & constructionspredicates & constructions

int min(int a, int b)
{

return (a<b) ? a : b;
}

Generic ProgrammingGeneric Programming

float  min(float a, float b)
{

return (a<b) ? a : b;
}

Generic ProgrammingGeneric Programming
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template < CompType >
CompType min(CompType a, CompType b) 

{
return (a<b) ? a : b;

}

BigInt n(9), m(8), r;
r = min( n, m );

BigInt is a model for the concept CompType

Generic Programming Generic Programming StructureStructure

Support Library: Configuration, Assertions

• Visualization
• File I/O
• Number Types
• Generators
• STL extensions

Point, Segment,... 
Predicates

Kernel
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KernelKernel

KernelKernel

•• Basic Basic geometricgeometric primitivesprimitives
–– 2D, 3D, dD2D, 3D, dD
–– point, line, ray, segment, point, line, ray, segment, vectorvector, , circlecircle, , ……

•• PredicatesPredicates
–– comparisoncomparison, orientation, , orientation, in_circlein_circle, intersection , intersection 

test, test, ……

•• ConstructionsConstructions
–– intersection, distance, affine intersection, distance, affine transformtransform, , ……

Parameterization of Parameterization of KernelKernel ClassesClasses

Point_3Point_3

CartesianCartesian HomogeneousHomogeneous

doubledouble
GmpqGmpq
ledaleda::Real::Real

intint
GmpzGmpz

Concepts: Concepts: NumberTypeNumberType and Kerneland Kernel

corecore::::ExprExpr

template < template < GeometryGeometry >>
class Delaunay_triangulation_2 class Delaunay_triangulation_2 
{{

void insert(void insert(Geometry::PointGeometry::Point t) t) 
{{

if(if(Geometry::orientation(Geometry::orientation(p,q,tp,q,t))==..)==..)

if(if(Geometry::incircle(Geometry::incircle(p,q,r,tp,q,r,t))))

}}
};};

Parameterization of Parameterization of 
Data StructuresData Structures

•• worksworks withwith CGAL CGAL kernelskernels
•• thinthin glue layer for glue layer for otherother kernelskernels
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Packages in CGAL 3.2 Packages in CGAL 3.2 
(22 may 2006)(22 may 2006)

ConvexConvex HullHull

–– 2D, 3D2D, 3D
•• static (static (quickhullquickhull) and ) and 

dynamic convex hulls dynamic convex hulls 
(triangulation)(triangulation)

•• ExtremalExtremal pointspoints
•• Strongly convexity Strongly convexity 

checkingchecking

–– dDdD
•• incremental convex incremental convex 

hullhull

PolygonsPolygons

• Area, orientation, convexity test, 
simplicity test, point location

•• DecompositionDecomposition
– convex partitioning
– monotone partitioning

2D 2D NefNef PolyhedraPolyhedra

•• NefNef polyhedron: set obtained frompolyhedron: set obtained from
–– a finite set of open a finite set of open halfspaceshalfspaces
–– intersections and complementsintersections and complements

•• FeaturesFeatures
–– Boolean operationsBoolean operations
–– interior, boundary, closureinterior, boundary, closure
–– set regularizationset regularization

Nef Nef PolyhedraPolyhedra embeddedembedded
on the on the SphereSphere 3D 3D NefNef PolyhedraPolyhedra

•• Closed under Boolean Closed under Boolean 
operationsoperations

•• NonNon--manifold setsmanifold sets
•• Open and closed setsOpen and closed sets
•• Unbounded cellsUnbounded cells
•• MixedMixed--dimensional cellsdimensional cells
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Rotated Cylinder ExperimentRotated Cylinder Experiment

Operation union (Operation union (nn--gongon, , rotate(nrotate(n--gongon, alpha)), alpha))

PolyhedralPolyhedral SurfacesSurfaces

Based on Based on halfedgehalfedge data structuredata structure

Combinatorial structure:Combinatorial structure:
–– ConstructionsConstructions
–– Euler operationsEuler operations

Planar SubdivisionsPlanar Subdivisions

•• Framework for arrangements of 2D curvesFramework for arrangements of 2D curves
–– based on planar maps based on planar maps 

–– based on topological maps based on topological maps 

–– Models exist for Models exist for polylinespolylines, , 
circles, conic arcscircles, conic arcs

•• Operations Operations 
–– point location, overlay, point location, overlay, 

ray shooting,..ray shooting,..

Search StructuresSearch Structures

•• Multi dimensional data structuresMulti dimensional data structures
–– range tree, segment treerange tree, segment tree
–– kDkD treetree

•• Operations Operations 
–– window querieswindow queries
–– nearest neighbor nearest neighbor 

OptimizationOptimization

•• Smallest enclosing Smallest enclosing 
circle/ellipse in 2Dcircle/ellipse in 2D

•• Smallest enclosing Smallest enclosing 
sphere in sphere in dDdD

•• Rectangular p center, Rectangular p center, 
for p = 2, 3, 4for p = 2, 3, 4

•• PolytopePolytope distances in distances in dDdD
•• Smallest enclosing annulus in Smallest enclosing annulus in dDdD
•• Smallest enclosing sphere of spheresSmallest enclosing sphere of spheres

2D Triangulations2D Triangulations

•• BasicBasic
•• DelaunayDelaunay
•• RegularRegular
•• ConstrainedConstrained
•• ConstrainedConstrained DelaunayDelaunay
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2D Triangulations2D Triangulations

•• Basic TriangulationBasic Triangulation
–– LazyLazy incrementalincremental constructionconstruction
–– No control over No control over shapeshape of trianglesof triangles

2D Triangulations2D Triangulations

•• Delaunay triangulationDelaunay triangulation
–– EmptyEmpty circlecircle propertyproperty

2D Triangulations2D Triangulations

•• RegularRegular triangulationtriangulation
–– defineddefined for for weightedweighted pointspoints
–– dual of power dual of power diagramdiagram

2D Triangulations2D Triangulations

•• constrainedconstrained triangulationtriangulation
–– enforcedenforced edgesedges

2D Triangulations2D Triangulations

•• constrainedconstrained Delaunay Delaunay 
triangulationtriangulation
–– enforcedenforced edgesedges + + 

constrainedconstrained emptyempty circlecircle
propertyproperty

2D 2D VoronoiVoronoi DiagramsDiagrams
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2D Apollonius Graphs2D Apollonius Graphs

Apollonius diagram Apollonius graph 
(additively weighted Voronoi

diagram)

2D Segment 2D Segment VoronoiVoronoi DiagramsDiagrams

strongly intersecting sites weakly intersecting sites 

3D Triangulations3D Triangulations

•• BasicBasic
•• DelaunayDelaunay
•• RegularRegular

3D Delaunay Triangulation3D Delaunay Triangulation

TetrahedronTetrahedron

3D Delaunay Triangulation3D Delaunay Triangulation

Dynamic:Dynamic:
•• point insertionpoint insertion
•• vertex removalvertex removal

Triangulation HierarchyTriangulation Hierarchy

Triangulation augmented with a Triangulation augmented with a 
hierarchical data structure to allow hierarchical data structure to allow 
for efficient for efficient point location queriespoint location queries..
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EfficiencyEfficiency

•• ~30K vertices/s (Pentium IV, 3.5 GHz)~30K vertices/s (Pentium IV, 3.5 GHz)
•• filtered kernelfiltered kernel
•• 300 300 MBytesMBytes / 1M vertices/ 1M vertices

Triangulation RelatedTriangulation Related
•• 2D, 3D Alpha shape2D, 3D Alpha shape

•• Natural Natural neighborneighbor interpolation interpolation 
((basedbased on on VoronoiVoronoi diagramsdiagrams, for , for 
scatteredscattered data sets)data sets)

InterpolationInterpolation

2D Triangle Meshing2D Triangle Meshing
by Delaunay by Delaunay RefinementRefinement

3D Surface 3D Surface MesherMesher
by Delaunay by Delaunay refinementrefinement ::
Input :Input :

implicitimplicit surfacesurface
voxelvoxel descriptiondescription

•• Kinetic Data StructureKinetic Data Structure
•• Planar ParameterizationPlanar Parameterization
•• Subdivision surfacesSubdivision surfaces
•• Principal Component AnalysisPrincipal Component Analysis

AlsoAlso in CGAL 3.2in CGAL 3.2
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ThankThank youyou!!

•• For For youryour attentionattention
•• To Pierre Alliez and the To Pierre Alliez and the manymany othersothers

whowho made a first version of made a first version of thesethese
slidesslides

ThankThank youyou


